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Abstract
The author establishes certain results concerning the quasi-Hadamard product of starlike and convex functions of order α and
type β.
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1. Introduction
Throughout this work, let functions of the form
f (z) = a1z −
∞∑
n=2
anz
n (a1 > 0, an ≥ 0), (1.1)
fi (z) = a1,i z −
∞∑
n=2
an,i z
n (a1,i > 0, an,i ≥ 0), (1.2)
g(z) = b1z −
∞∑
n=2
bnz
n (b1 > 0, bn ≥ 0), (1.3)
and
g j (z) = b1, j z −
∞∑
n=2
bn, j z
n (b1, j > 0, bn, j ≥ 0), (1.4)
be analytic in the unit disc U = {z : |z| < 1}.
Let S∗0 (α, β) denote the class of functions f (z) defined by (1.1) and satisfy the condition∣∣∣∣∣∣
z f ′(z)
f (z) − 1
2β( z f
′(z)
f (z) − α)− ( z f
′(z)
f (z) − 1)
∣∣∣∣∣∣ < 1 (1.5)
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for some α (0 ≤ α < 1), β (0 < β ≤ 12 ) and for all z ∈ U . Also let C∗0 (α, β) denote the class of functions for which
z f ′(z) ∈ S∗0 (α, β). It is well known that the functions in S∗0 (α, β) and C∗0 (α, β) are starlike functions of order α and
type β, and convex functions of order α and type β, respectively.
Owa [4] proved that f (z) ∈ S∗0 (α, β) (0 ≤ α < 1, 0 < β ≤ 12 ) if and only if
∞∑
n=2
[{(1− β)n − αβ}an] ≤ β(1− α)a1. (1.6)
Using an argument similar to that given by Owa [4] we can easily prove the following analogous result for functions
in C∗0 (α, β).
A function f (z) ∈ C∗0 (α, β) (0 ≤ α < 1, 0 < β ≤ 12 ) if and only if
∞∑
n=2
[n{(1− β)n − αβ}an] ≤ β(1− α)a1. (1.7)
We now introduce the following class of analytic functions which plays an important role in the discussion that
follows.
A function f (z), which is analytic in U , belongs to the class S∗k (α, β) if and only if
∞∑
n=2
[nk{(1− β)n − αβ}an] ≤ β(1− α)a1, (1.8)
where 0 ≤ α < 1, 0 < β ≤ 12 and k is any fixed nonnegative real number.
We note that, for any nonnegative real number k, the class S∗k (α, β) is nonempty as the functions of the form
f (z) = a1z −
∞∑
n=2
β(1− α)a1
nk{(1− β)n − αβ}λnz
n, (1.9)
where a1 > 0, λn ≥ 0 and∑∞n=2 λn ≤ 1, satisfy the inequality (1.8).
It is evident that S∗1 (α, β) ≡ C∗0 (α, β) and, for k = 0, S∗k (α, β) is identical to S∗0 (α, β). Further, S∗k (α, β) ⊂
S∗h (α, β) if k > h ≥ 0, the containment being proper. Hence, for any positive integer k, we have the inclusion relation
S∗k (α, β) ⊂ S∗k−1(α, β) ⊂ · · · ⊂ S∗2 (α, β) ⊂ C∗0 (α, β) ⊂ S∗0 (α, β).
Let us define the quasi-Hadamard product of the functions f (z) and g(z) by
f ∗ g(z) = a1b1z −
∞∑
n=2
anbnz
n . (1.10)
Similarly, we can define the quasi-Hadamard product of more than two functions.
In this work we establish certain results concerning the quasi-Hadamard product of functions in the classes
S∗k (α, β), S∗0 (α, β) and C∗0 (α, β) analogous to the results due to Holhos and Vinod Kumar [1–3].
2. The main theorems
Theorem 1. Let the functions fi (z) defined by (1.2) be in the class C∗0 (α, β) for every i = 1, 2, . . . ,m; and let the
functions g j (z) defined by (1.4) be in the class S∗0 (α, β) for every j = 1, 2, . . . , q. Then the quasi-Hadamard product
f1 ∗ f2 ∗ · · · ∗ fm ∗ g1 ∗ g2 ∗ · · · ∗ gq(z) belongs to the class S∗2m+q−1(α, β).
Proof. We denote the quasi-Hadamard product f1 ∗ f2 ∗ · · · ∗ fm ∗ g1 ∗ g2 ∗ · · · ∗ gq(z) by the function h(z), for the
sake of convenience.
Clearly,
h(z) =
{
m∏
i=1
a1,i
q∏
j=1
b1, j
}
z −
∞∑
n=2
{
m∏
i=1
an,i
q∏
j=1
bn, j
}
zn . (2.1)
694 H.E. Darwish / Applied Mathematics Letters 20 (2007) 692–695
To prove the theorem, we need to show that
∞∑
n=2
[
n2m+q−1{(1− β)n − αβ}
{
m∏
i=1
an,i
q∏
j=1
bn, j
}]
≤ β(1− α)
(
m∏
i=1
a1,i
q∏
j=1
b1, j
)
. (2.2)
Since fi (z) ∈ C∗0 (α, β), we have
∞∑
n=2
[n{(1− β)n − αβ}an,i ] ≤ β(1− α)a1,i , (2.3)
for every i = 1, 2, . . . ,m. Therefore,
n{(1− β)n − αβ}an,i ≤ β(1− α)a1,i
or
an,i ≤
[
β(1− α)
n{(1− β)n − αβ}
]
a1,i
for every i = 1, 2, . . . ,m. The right-hand expression of this last inequality is not greater than n−2a1,i . Hence,
an,i ≤ n−2a1,i , (2.4)
for every i = 1, 2, . . . ,m. Similarly, for g j (z) ∈ S∗0 (α, β), we have
∞∑
n=2
[{(1− β)n − αβ}bn, j ] ≤ β(1− α)b1, j , (2.5)
for every j = 1, 2, . . . , q . Hence we obtain
bn, j ≤ n−1b1, j , (2.6)
for every j = 1, 2, . . . , q .
Using (2.4) for i = 1, 2, . . . ,m, (2.6) for j = 1, 2, . . . , q − 1, and (2.5) for j = q, we get
∞∑
n=2
[
n2m+q−1{(1− β)n − αβ}
{
m∏
i=1
an,i
q∏
j=1
bn, j
}]
≤
∞∑
n=2
[
n2m+q−1{(1− β)n − αβ}bn,q
{
n−2mn−(q−1)
(
m∏
i=1
a1,i
q−1∏
j=1
b1, j
)}]
=
( ∞∑
n=2
[{(1− β)n − αβ}bn,q ]
)(
m∏
i=1
a1,i
q−1∏
j=1
b1, j
)
≤ β(1− α)
(
m∏
i=1
a1,i
q∏
j=1
b1, j
)
.
Hence h(z) ∈ S∗2m+q−1(α, β). This completes the proof. 
We note that the required estimate can also be obtained by using (2.4) for i = 1, 2, . . . ,m − 1, (2.6) for
j = 1, 2, . . . , q , and (2.3) for i = m.
Now we discuss some applications of Theorem 1. Taking into account the quasi-Hadamard product of functions
f1(z), f2(z), . . . , fm(z) only, in the proof of Theorem 1, and using (2.4) for i = 1, 2, . . . ,m − 1 and (2.3) for i = m
we are led to
Corollary 1. Let the functions fi (z) defined by (1.2) belong to the class C∗0 (α, β) for every i = 1, 2, . . . ,m. Then the
quasi-Hadamard product f1 ∗ f2 ∗ · · · ∗ fm(z) belongs to the class S∗2m−1(α, β).
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Next, taking into account the quasi-Hadamard product of the functions g1(z), g2(z), . . . , gq(z) only, in the proof
of Theorem 1, and using (2.6) for j = 1, 2, . . . , q − 1 and (2.5) for j = q, we have
Corollary 2. Let the functions g j (z) defined by (1.4) belong to the class S∗0 (α, β) for every j = 1, 2, . . . , q. Then the
quasi-Hadamard product g1 ∗ g2 ∗ · · · ∗ gq(z) belongs to the class S∗q−1(α, β).
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